In this article, we discuss some fixed point theorems in metric type spaces. The need to define such space came from the properties obtain on cone metric spaces and the connection between the two notions is clearly explained in [1] . In particular, we show that most of the new results are merely copies of the classic ones.
Introduction
Cone metric spaces were introduced in [2] and many fixed point results concerning mappings in such spaces have been established. In [1] , M. A. Khamsi connected this concept with a generalised form of metric space that he named metric type space. We show that some proofs follow closely the classical proofs in the cone metric case, but generalize them. For this, we begin by showing that the class of metric type spaces is strictly larger than the class of metric spaces, hence the presented generalization are indeed, not trivial.
Preliminaries
In this section we recall some known definitions, notations and results concerning cones in Banach spaces.
Definition 2.1 Let E be a real Banach space with norm . and P be a subset of E. Then P is called a cone if and only if 1. P is closed, nonempty and P = {θ}, where θ is the zero vector in E;
2. for any a, b ≥ 0 (nonnegative real numbers), and x, y ∈ P , we have ax + by ∈ P ; 3. for x ∈ P , if −x ∈ P , then x = θ.
Given a cone P in a Banach space E, we define on E a partial order with respect to P by x y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x y and x = y, while x y will stand for y − x ∈ Int(P ) (where Int(P ) designates the interior of P ).
The cone P is called normal if there is a real number C > 0, such that for all x, y ∈ E, we have θ x y =⇒ x ≤ C y .
The least positive number satisfying this inequality is called the normal constant of P . Therefore, we shall say that P is a K-normal cone to indicate the fact that the normal constant is K.
The cone is called regular if every increasing sequence which is bounded from above is convergent.
That is if (x n ) is a sequence such that x n x 2 · · · y for some y ∈ E then, there exists x * ∈ E such that lim n→∞ x n − x * = 0.
Lemma 2.2 (see [3]) a) Every regular cone is normal;
b) The cone P is regular if every decreasing sequence which is bounded from below is convergent.
Definition 2.3 Let X be a non empty set. A function
The pair (X, d) is called a cone metric space. [3] ) A cone P is said to be minihedral if x ∨ y := sup{x, y} exists for all x, y ∈ E and strongly minihedral if every subset of E which is bounded from above has a supremum. [4] ) Let (x n ) be a sequence in a cone metric space
Definition 2.4 A subset

Definition 2.6 (Compare
(a) (x n ) is convergent to x ∈ X and we denote lim 
Note that property (Q3) does not give the classical triangle inequality satisfied by a distance and there are many examples where the triangle inequality fails. We are therefore led to the following definition. The concepts of Cauchy sequence and convergence for a metric type space are defined in a the same way as defined for a metric space. For the interested reader the definitions can be obtained in [5] . Moreover, for α = 1, we recover the classical metric, hence metric type generalizes quasi-pseudo metric. It is worth mentioning that if (X, D, α) is a metric type space, then for any β ≥ α, (X, D, β) is also a metric type space. Hence, in the sequel we shall denote (X, D, α) simply as (X, D) when there is no confusion.
Example 2.13 Let X = {a, b, c} and the mapping
then we conclude that X is not a metric space space. Nevertheless, with α = 2, it is very easy to check that (X, D, 2) is metric type space.
Definition 2.14 A subset S metric type space (X, D, α) is said to be totally bounded if given ε > 0 there exists a finite set of points {s
1 , s 2 , · · · , s n } ⊆ S, called ε-net, such that given any s ∈ S there exists i ∈ {1, 2, · · · , n} for which D(s, s i ) ≤ ε.
Definition 2.15 Let (X, D, α) a metric type space. If for any sequence
Then X is called a sequentially compact metric type space.
Some topological properties concerning metric type spaces have been established by Khamsi et al. and can be found in [5] , in particular compactness and closure are characterized in metric type spaces. We recall some of these results, as we will make use of them. 
Some Generalization Results on Metric Type Spaces
We begin by giving the following results, very familiar in the theory of metric spaces but extended here for metric type space.
Lemma 3.1 Every metric type space
By the way of contradiction, assume that there is z ∈ A. Hence Proof. If (x n ) converges to x, it trivially follows that (x n ) is a subsequence of itself that converges to x.
Conversely, Suppose that (x n,k ) is a subsequence of (x n ) that converges to x. Let ε > 0.
By the definition of a Cauchy sequence, there exists n 0 ∈ N such that
By the definition of convergence, there exists k 0 ∈ N such that
If we set L = max{n 0 + 1, k 0 + 1}, by strictly increasing sequence of natural numbers, we know that
That is, (x n ) converges to x. Another interesting notion that we discussed here is that of precompactness. A subset F of a topological space (E, τ (E)) is said to be precompact if its τ (E)-closure K is compact. In many metric spaces, precompactness and total boundedness are equivalent. In fact, we prove here that one implication always holds is metric type space.
Theorem 3.4 If a subspace K of a metric type space (X, D, α) is precompact then it is totally bounded.
Proof. Suppose that K is precompact and let ε > 0. Since K is compact, hence totally bounded, there exists a finite set {x 1 ,
Another interesting result for which we shall give an application is the Cantor's Intersection Theorem. We state the following theorem without proving it, since the proof is exactly the same as in the metric case. Proof. In view of Proposition 2.17, we only need to show that any sequence (x n ) has a convergent subsequence. Its limit will necessarily lie in K proving that K is compact. If an infinite number of terms of (x n ) are the same, we could easily select a subsequence of (x n ) which is constant and there converges trivially. So by throwing some terms if necessary, we may assume that each two terms of (x n ) are distinct.
Since K is is totally bounded, there exists a finite set of points
. We also know that for any a ∈ K there exists
Conclusion There exist points
The last part of the proof follows exactly the classical theory and can be read in the literature.
First Fixed Point Results
We state here our first fixed point results.
Theorem 4.1 Let (X, D, α) a complete metric type space. Suppose the mapping T : X → X satisfies the contractive condition
D(T x, T y) ≤ kD(x, y) for all x, y ∈ X,
where k ∈ [0, 1) is a constant. Then T has a fixed point and for any x ∈ X, the orbit {T n x} converges to the fixed point.
Hence D(x * , y * ) = 0 and x * = y * . Therefore the fixed point of T is unique. 
Proof. We only need to prove that
Then {x n } is also a Cauchy sequence in X. By the completeness of X, there is x ∈ X such that {x n } converges to x. We have
Hence T x ∈ C D (x 0 , ε). (X, D, α) a complete metric type space. Suppose the mapping T : X → X satisfies for some integer n,
Corollary 4.3 Let
where k ∈ [0, 1) is a constant. Then T has a fixed point.
Proof. From Theorem 4.1, T n has a unique fixed point
* is a fixed point of T . Since the fixed point of T n is also fixed point of T , the fixed point of T is unique.
More Results on Fixed Point Theorems
We begin with the following lemmas.
Lemma 5.1 Let (y n ) be a sequence in a metric type space (X, D, α) such that
for some λ > 0 with λ <
Proof. Let m < n ∈ N. From the condition (D2) in the definition of a metric type, we can write:
From (1) and λ < 1 α , the above becomes
It follows that {y n } is Cauchy.
Theorem 5.2 Let (X, D, α)
be a complete metric type space, and let f : X → X be a function such that for some λ > 0 with
Then f has a unique fixed point z and for every x 0 ∈ X, the sequence {f n (x 0 )} converges to z.
Proof. Take an arbitrary x 0 ∈ X and denote y n = f n (x 0 ). Then
which implies that
Hence, since
, by Lemma 5.1 we have that (y n ) is a Cauchy and since (X, D, α) be is complete, there exists y * such that y n −→ y * . Since
i.e.
D(y
we have y * = fy * . For uniqueness, assume by contradiction that there exists another fixed point z * . Then
Hence D(y * , z * ) = 0 and we conclude that y * = z * .
Theorem 5.3
Let (X, D, α) be a complete metric type space, and let f : X → X be a function such that for some 0 ≤ λ < 1 2 with
Then f has a unique fixed point z and for every x 0 ∈ X, the sequence {f
, by Lemma 5.1 we have that {y n } is Cauchy and since (X, D, α) is complete, there exists y * such that y n −→ y * . Since
D(y
Hence D(y * , z * ) = 0 and we conclude that y * = z * . We can then without any doubt write down the following two results. 
Then f has a unique fixed point z and for every x 0 ∈ X, the sequence {f n (x 0 )} converges to z. 
for all x, y ∈ X. Then f has a unique fixed point z and for every x 0 ∈ X, the sequence {f n (x 0 )} converges to z.
Extensions of Banach's Principle
The following theorems are just extensions of Banach's fixed point theorem in the context of a metric type space. We comment briefly on the fact that continuity and sequential continuity in metric type spaces are expressed exactly in the same way as in the metric case, using the ε, δ argument. 
Then T has a unique fixed point z and for every x 0 ∈ X, the sequence {T n (x 0 )} converges to z.
Proof.
To prove the existence of a fixed point, let's introduce the mapping
Then ψ is continuous and bounded from below. So ψ assumes its minimum value at some point x 0 ∈ X.
it must be the case that x 0 = T x 0 . Now, let x ∈ X and consider the sequence {D(
then {D(T n x, x 0 )} is strictly decreasing. Consequently the limit
exists and r ≥ 0. Also since X is compact, the sequence {T n x} has a convergent subsequence (T n k x), say lim 
D(T x, T y) ≤ γ(D(x, y))D(x, y). (6)
Proof. Fix x ∈ X and let x n = T n x, n = 1, 2, · · · . We break the proof into two steps.
Step 1 We show that lim n→∞ D(x n , x n+1 ) = 0.
From (6), we can infer that the sequence {D(x n , x n+1 )} is monotone decreasing and bounded from below, so lim n→∞ D(x n , x n+1 ) = r ≥ 0. Assume r = 0.
Then (6) implies
Letting n → ∞ we see that 1 ≤ lim n→∞ γ(D(x n , x n+1 )), and since γ ∈ S this implies r = 0. This contradiction establishes Step 1.
Step 2 We show that {x n } is a Cauchy sequence. Assume lim sup Conclusion: Let x ∈ X. Since X is complete and the sequence {T n x} is a Cauchy sequence, lim n→∞ T n x = z ∈ X. From (6), we obtain that T (z) = z.
Indeed
D(T z, T x
Again, from (6) z is the unique fixed point.
